Introduction
For more than three decades the geodetic community has realized that satellite-to-satellite tracking (hereinafter SST) provides extremely strong observational constraints for determining the geopotential (e.g. Wolff, 1969; Vonbun, 1972) . High-low satellite configurations have proven,valuable in the past (e.g., Kahn et al., 1982) , and they continue to do so today (Lemoine et al., 1998b; Schwintzer et al., 2000) . Low-low satellite configurations are expected to yield orders of magnitude improvements in geopotential definition (National Research Council, 1997) , and such a system may finally come to fruition in the near future with the Gravity Recovery and Climate Experiment (GRACE) mission 1. To whatextent is the SSTgravityinversioninsensitiveto ephemeris accuracy?Specifically, is it sufficientlyinsensitive that the orbit determination and the gravity inversioncanbe performed in separate, independent steps?
2. To what extentis the SSTgravity inversiondependent on arc length? In particular, if the accelerometers are incapableof removingall non-conservative forces,includingthrusting events, the satellitedatamight necessarily be brokeninto veryshort arcs.Howwill the gravity estimation be affected?
Concerning(1), our simulationsdescribedbelowshowthat, indeed,the SST data can be handled (within limitations) independently of the GPS data. We validate a two-step method. The next section compares the role of arc length in conventional orbit determination based gravity estimation with the role it may play in a GRACE-like SST mission. Section 3 describes a transformation that we apply to the standard orbit parameters to enable our decoupled analysis of the SST data.
Section 4 gives the rationale behind our data simulation procedures as well as a detailed description of those procedures. Sections 5 and 6 present results of parameter estimations using simulated data.
Section 5 concentrates on the estimation strategy for orbit parameters, while Section 6 presents the results of gravity field recoveries with orbit parameters adjusting simultaneously.
eachstarting from the sameinitial conditionsbut usingdifferent gravity models,it usuallytakes someperiodof time from the initial epochbeforedifferences in the trajectoriesare largeenoughthat differences in the gravity signalcanbe inferred. The trajectoriesare usedto compute"theoretical"
values of the trackingdataobservations to whichthe actualobservations arecompared. Thedifference in the trajectoriesdue to gravity needsto affectthe computationof the theoreticaltrackingdata valuesabovethe levelof the precisionof the actual trackingdata. Furthermore,the differences in trajectoriescomputedwith differentgravity modelsare often diminishedbecausethe initial state estimationprocess at somelevelaccommodates gravityerrors. Gravityis really an "indirecteffect"in conventional trackingdata analysis.Arc lengthis requiredfor the indirect effectto makeits presence felt.
In general, longarcsaredesirable.Onthe otherhand,asthe arc lengthgrows,sodoesthe effectof unmodeled forces.Therefore, the lengthof an arcin anorbit solutioncannotbe extendedindefinitely without degradingthe solution. Choiceof arclength is a key decisionin the analysisof trackingdata.
It depends on the geometric strengthof the trackingdata,the magnitudeofunmodeled forces, andthe sensitivityof the datato the geophysical parameters of interest.Gravity modelslikeEGM96 (Lemoine et al., 1998a) havetypically usedtrackingdata analyzed in arcsof data from 1 to 30days.With very few exceptionsthe trackingdata usedin EGM96wouldnot supportthe extractionof gravity signal from an arc of data significantlyshorterthan a day.
In a gravity mappingmissionwherethereis very precise trackingof the changein rangebetween twosatellitesin the sameorbit plane,manyofthe conditionsthat havealwaysbeena factorin deciding arclengthfor conventional trackingdatawill bemuchdifferent.Themostobviousdifference isthe high precisionof the data. Smalltrajectory changes aredetectablewith moreprecisedata. Furthermore, the intersatelliteobservation is, in somesense, a direct measurement of the difference in forceswhich the satellitesexperience at eachinstant,andhencealmosta direct measurement of gravity (Colombo, 1984 In the next sections we demonstrate that the above twelve parameters are promising for use in the analysisof the intersatelliterangechangemeasurements whenthey aredecoupled from othertracking data types that might be available. One reasonablyexpectsthat the intersatelliterange change measurement is moresensitiveto the baselineparameters than to the midpoint parameters.One alsoexpectsthat the intersatelliterangechangemeasurement is fairly insensitiveto the baseline yaw parameters. If the rangechangemeasurements are to beanalyzedindependently from othertracking data types,thenit is importantto study the sensitivityof the rangechangemeasurement to eachof the abovetwelveparameters.The sensitivityof the measurement to eachof the twelveparameters shouldbecompared with howwelleachparameter is likely to bedeterminedindependently fromother trackingdata typesavailablein the mission.That subjectis exploredin Section5.
Data Simulation and Assumptions for Data Reduction
All of the studies in this paper are based on using simulated one-way intersatellite range-rate data with a counting interval of I second. The data were generated using the orbits of two co-orbiting satellites with characteristics shown in Table 1 . The key points are that the satellites are at an altitude very close to 500 kilometers, have a very low eccentricity, are very nearly polar and are separated by about 200 kilometers. The second satellite's initial elements are an exact copy of the first satellite's initial elements 30 seconds later. The satellite orbits were generated with the EGM96 gravity field using all terms up through degree 120. Drag and solar radiation were not modeled in our simulations;
it is assumed that accelerometry will sufficiently account for these forces. Accelerometry should also compensate for small thrusting events, but it is possible that thrusting can cause occasional problems, so our simulations do include thrusting. Each satellite was given a thrust every 30 minutes (a AV of about 0.5 mms -1) but in a staggered manner so that the satellite-satellite system received a AV Lemoine et al., 1998a ), the EGM96 model itself does differ from some other recent models by amounts exceeding these errors. Our a priori clone gravity model should therefore be considered as fairly "close" to EGM96, so if we are able to recover a field that is closer to EGM96 than the clone, then we will have shown that our technique is useful for recovery of small gravity signal below degree 70. Basing the test on an a priori field that is already close to EGM96 is a stringent test of sensitivity. Above degree 70, our test will be less severe since we are starting from zero (which is farther away from EGM96 than the standard errors). Even so, we will be ableto determineif signalabovedegree70canbe recovered with our methodof reduction.
The clonefieldwasalsousedto generate the starting trajectorythat is usedto obtain the a priori elements to begin the orbit refinement process. Tile intersatellite range-rate data are used in the refinement step to adjust only three or four of the twelve initial state parameters (as discussed below).
We accept the other eight or nine elements from the starting trajectory without alteration. So, in some sense, the starting trajectory contains the bulk of the the information about the orbits that will be used to extract gravity signal.
In practice, the starting trajectories will have to be generated with whatever a priori gravity field is available. Our starting trajectory was determined in a manner somewhat approaching "reduced dynamic" methods (e.g., Bertiger et al., 1994; Rowlands et al., 1997) . The solution had the following characteristics:
1. The clone gravity field was used.
2. AV's were solved for at the appropriate times.
3. Empirical, periodic once per revolution accelerations (phase and amplitude parameters) were solved for in both the along-and cross-track components. Phase and amplitude were estimated every 30 minutes.
4. The simulated intersatellite range-rate measurements were used as a tracking data type.
5. To simulate the strong geometrical constraints that GPS tracking would provide, the "truth"
ephemeris was used as a tracking data type.
6. Solutions used thirty hours of data, from 0 hours of one day to 6 hours of the next.
The starting ephemeris produced from the above solution differs from the "truth position" in an RMS sense by 3 centimeters (total position). In particular, we wish to determine which parameters need be refined and which parameters can be taken from the reduced dynamic trajectory without alteration.
Our first set of tests used the truth force model (EGM96 through degree 120) and the noiseless intersatellite range-rate data. These tests were performed on short arcs (14 minutes) between the AV thrusting eventsdescribedin the previoussection. The goal of thesetests is to find the best minimumset of initial stateparameters to estimateso that the a posteriori range rate residuals are well below the 1 #ms -1 level (if all of the elements are set to truth values, then the noiseless data should fit perfectly when EGM96 is used). Although the data used in these tests were noiseless, they were weighted in the least squares solution as if they had a standard deviation of 1 micron per second. This is noted so that the formal standard deviations of the adjusted parameters can be interpreted.
The first runs adjusted a single parameter.
As noted in the previous section, elements taken from the reduced dynamic trajectories produce residuals with an RMS of over 200 #ms -1. When only a single parameter is adjusted, the only parameter that could reduce the RMS residual to under 100 #ms -1 was the velocity pitch parameter. In fact, the velocity pitch parameter adjustment produced an RMS residual of under 10 #ms -1.
The second set of runs adjusted two parameters with velocity pitch always being one of the pair.
While examining the choice of a second parameter it became clear that over short arcs, two parameters are very correlated: Rbv (baseline velocity magnitude) and Rm (the distance of the baseline midpoint from the center of mass of the earth). The choice of either of these parameters as the second parameter to accompany velocity pitch produces almost identical residual patterns. When these two parameters (Rbv and Rm) are allowed to adjust simultaneously along with velocity pitch, the inverted normal matrix shows a correlation between R,n and Rbv of very nearly one. When either of these two parameters accompanies velocity pitch, the solution produces an RMS residual of less than 1 ttm s -1.
We chose to use velocity magnitude because the adjustments in this component were always less the 100/tms -1 and usually less than 20 #ms -1. This seemed more reasonable than the adjustments in the Rm parameter (sometimes more than 30 centimeters), since our reduced dynamic trajectories were better than 10 centimeters radially. In general the Rm parameter should almost always be determined from a reduced dynamic trajectory to better than 10 centimeters, so over short arcs this parameter is Also, at this arc length, the Rm parameter is less correlated (still 0.999) with the velocity magnitude parameter. At 12 hours and above, 4 parameters (including Rm) can be sensibly adjusted. In these adjustments the formal standard deviation of R,,_ is less than a centimeter. When Rm is adjusted as the fourth parameter in a 12 hour arc, the RMS residual is reduced to below a 0.1 #ms -1. In a 24
hour arc, the correlation between Rm and velocity magnitude is reduced to 0.995. Our "long arc" gravity analysis described in the next section simultaneously adjusts four arc parameters along with gravity coefficients.
As noted above, the noiseless version of the data was used in these baseline refinement studies and the force model was set to "truth" values. So if enough initial state parameters are allowed to rj adjust, the data will be fit perfectly. The gravity analysis described in the next section uses the initial state parameterizations that have just been described, but the clone gravity field is used to compute the trajectories (refine the trajectories before normal equations are generated) and the "noise added"
version of the data is used. In this mode, when the three short-arc parameters are allowed to adjust, the arcs fit the the data between 7 and 25 #m s-1. The day-long arcs, with 4 parameters adjusting, have fits between 20 and 60 #ms -1.
Gravity Solutions
The gravity solutions presented in this section are, like most simulations, somewhat optimistic.
The simulations include no unmodeled effects other than random measurement noise and some initial satellite state error (which is left over from those initial satellite state elements that we leave unaltered from the reduced dynamic trajectory).
In the long-arc analysis we modeled (without adjustment) the "truth" values of the AV thrust events, which implies perfectly performing accelerometers.
Futhermore, in addition to some initial satellite state refinement, only gravity parameters are estimated from the simulated data; no attempt is made to estimate, for example, tidal and gravity parameters simultaneously.
In fact, tides and other high-frequency atmospheric and oceanic mass motions pose serious aliasing problems for an SST mission because of the difficulty in modeling and removing the associated gravity effects at required accuracies (Zlotnicki et al., 2000; Verhagen et al., 2000) . Such problems are here ignored.
The two solutions presented below, one comprising short arcs and tile other comprising long arcs, are intended to be taken qualitatively.
The differences between the short-arc solution and the long-arc solution are of particular interest, since they reveal how much information is potentially lost when short arcs are used and what can be gained by extending arc length (assuming the level of unmodeled forces does not preclude the use of long arcs). But the fact that it is possible to obtain sensible gravity solutions from arcs shorter than 15 minutes is significant in itself.
Weestimatedtwo gravity fieldsusingthe 30daysof simulateddata describedin Section4. Each gravityfieldwasestimatedto degree120without anyconstraints. The methodusedin estimatingthe fieldsdifferedin the choiceof arc length. The "shortarc" field used2878arcs 14 minutesin length while the "long arc" field consisted of 30 arcs,eacha day in length. The short-arcfield estimated 2878x 3 = 8634 arc (orbit) parameters simultaneously with the 14337 gravity coefficients while the long-arc field estimated 30 × 4 = 120 arc parameters. The short-arc field discarded 1 minute of data around each AV (12 points) every 15 minutes, so the short-arc field uses approximately 7% fewer observations.
The estimated gravity fields should be compared with EGM96, which was used to simulate the data and is therefore the 'true' field, and the EGM96 clone, which was used as the a priori field from which gravity normal equations and initial ephemerides were produced. The figures in this section which pertain to coefficient values show differences from EGM96. If our estimates were perfect, the estimated coefficient differences from EGM96 would be zero. Of course the differences are not zero, but they are much smaller than the differences between EGM96 and the EGM96 clone (see Figure 2 below).
The formal errors of our estimated coefficients cannot be directly compared to EGM96 errors.
The standard errors of EGM96 are the result of a complex calibration of weights of the many data types used in its solution (Lerch, 1991) . The formal errors of our two estimated fields are simply the diagonals of an inverted normal matrix having a single data type which had been assigned a standard deviation of 1 micron per second. The formal errors of our estimated gravity coefficients should therefore be interpreted only in a relative sense. Internally, they should be reliable for seeing which portions of the estimated gravity fields are more strongly or weakly determined. Externally, they should provide a good basis to compare two gravity fields that were estimated in a largely similar fashion.
Figure1 showsthe RMS differences of the prior field andthe two estimatedfieldswith respectto the 'true' EGM96.It showsimmediately(andreassuringly) that both estimatedfieldsareconsiderable improvements over the a priori field. Neither field appears to be impacted by the truncation of the prior field at degree 70; both show relatively smooth differences with respect to EGM96 through all degrees. More interestingly, Figure 1 emphasizes that an accurate gravity field can be estimated from short arcs. The short-arc gravity field is significantly better than the a priori field at every degree from degree 5 through degree 100. It is not surprising that a field that is sewn together only from suborbital arcs is weaker at the very lowest degrees. The comparison of the performance (by degree)
of the short-arc field with the long-arc field is not unfavorable to the short-arc field from degree 30 upwards. However, at about degree 100, the short-arc field stops outperforming the clone gravity field. This does not happen until about degree 110 for the long-arc field. When judging the relative performance of the two estimated fields, it should be remembered that our simulations assume that the accelerometer is working perfectly (no unmodeled forces), which is much more beneficial to the outcome of the long-arc field than the short-arc field. For a given degree, both the short-arc and long-arc fields determine lower order coefficients more accurately than higher order coefficients. That trend is much morepronounced in the short-arcfield,especially for sectorials, whichfor somelowdegrees areactually slightly inferiorto the clonefield. Again,this is not surprising--onecannot expect an extremely short arc (roughly 1/6 of a revolution) in a high inclination orbit to be sensitive to long-wavelength sectorial terms.
Most remarkably, the long-arc and short-arc fields are very comparable at low orders, especially so for zonal coefficients.
The RMS discrepancy over all degrees (2 through 120) between EGM96
and the short-arc field for zonal coefficients is 1.9 x 10 -1°. For the long arc field that discrepancy is 1.8 x 10 -1°. Figure 4 shows that this striking similarity holds for all zonal terms, save the few between degrees 2 and about 8. For degrees 10 through 40 both long-arc and short-arc zonals are two orders of magnitude (or more) more accurate than the clone model. They are nearly one order of magnitude more accurate at degrees 40 through about 100. The improvement ceases at degree 112.
Determining zonal gravity coefficients has historically been problematic in satellite geodesy. Clearly, an SST mission--even one which for one reason or another is restricted to using very short arcs of data--is likely to yield significant advances.
Summary
We have demonstrated a promising technique for the analysis of low-low intersatellite range-rate data from a gravity mapping mission. The technique largely (but not completely) decouples the task of orbit determination from the task of extracting gravity information. This has several advantages:
1. In the first step of the procedure orbits can be determined using all available tracking types and reduced dynamic techniques. Extraction of gravity information in the second step benefits from the use of empirical accelerations used in the first step without aliasing problems.
2. In the second step of the procedure, only intersatellite data are used. Gravity information can be extracted without complex solutions involving multiple data types.
3. Because orbits are only refined(not fully determined)in the secondstep,short arc analysisis facilitated.
The technique transforms the standard12initial epochstatevectorparameters of the two satellites into spherical coordinates describingthe baseline betweenthe two satellites.We haveperformedan analysisto showwhich of these12 parameters needto be estimatedsimultaneouslywith gravity coefficients.
We haveusedthis techniqueto estimategravity fieldsfrom simulateddata. FIGURE CAPTIONS Figure  1 . RMS gravity coefficient differences with respect to a "true" gravity field of (solid line) the a priori field, (dashed line) a solution employing short arcs, and (dotted line) a solution employing long arcs. The discontinuity in the a priori model arises because it is truncated to zero above degree 70. The long-arc and short-arc solutions are similar except for the lowest degrees where the short-arc solution is less accurate. 
